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Introduction:

The concept of Almost P-projective module have
been introduced by G.Azumaya, F.Mbuntum and
Varadarajan on M-projective and M-injective
Modules. In this paper some properties of P-
projective modules have been obtained and these
are used to characterize quasi-projective modules.
We establish some more general results on P-
projective module it is shown by example that
class of M-projective module in wider than the
class of projective module .
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Definition 1: A module U is called P-projective
Projective relative to P) if given a diagram

U
JV
g
=~ P
g

R-homomorphism and of R-modules with the
horizontal sequence there exists a homomorphism
h: U —»Ps.t. gh=v

P = 0

Definition 2: An R-modules P will be quasi-
projective module if P is P-projective module.

Example: Projective module is examples of P-
projective modules.

Also we have z° is a z* —projective modules, but
not projective module over z is ring of integer and
Q is the field of rational numbers. As Homz (Q,
Z) =0=homz(Q,Zy)

Proposition 1: Any R-modules U is P-projective
if and only if given any diagram of R-modules
and R-homomorphism of the form

U

P ﬁN ﬁp"

In which the row is exact and g.v=0, then there
exists h: U—P such that fh=v

Proof: Let U is P-projective since g.v=0 it
follows that
ImVc Kerg=Imf

Let £: P—Im fand v’:U—Imf by the R-
homomorphism induced by f and v respectively.
Then f* is an epimorphism and we have the
diagram

In which the row is exact by P-projective of U,
we find h:U—P s.t. . h=v’ it is clear that
1.f.h=1.v’ where i.Imf—N be the canonical
inducsion map

Therefore f.n=v

Conversely: Putting P’’=0 in the given diagram,
find that condition are satisfied,Hence U is P-
projective.

Corrollary 1: An R-module P will be quasi-
projective if and only if given any diagram if R-
modules and R-homomorphism of the form.
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P ——N ——P

In which the row is exact and g.v=0 then there
exact
h:P—P such that fh=v

Proposition 2: If the diagram of R-modules and
R-homomaorphism

9 & (Y
-——=> > > Ui > A

Be such both rows are exact and each Ui is Pi-
projective for all ieN, then for every positive
integer n. there is an R-homomorphism fn:
Un—Pys.t. hpfi=f.1.0n

Proof: - Since U; is P1-projective therefore there
exists a homomorphism f;:U;—P; Such that
h1.f1= fo.01

Suppose proposition is true for n-1 i.e.

In which each of the rows are exact, we have
fr1:Una —Pna St . fn—lzfn—z-gn—l
hh-t. fa.0n = (Mna. Fa1). On
= (fn—Z- gn—l) - On
= fh2.0 by equation(1)
=0
Since U, being P, — projective, by the
propositionl.
The existence of R-homomorphism
fn: Un—Pn s.t. hyf, = f,.105 .
Thus by induction proposition is true for all n.

Definition 2:
Let T(P)={U/U is P-Projective modules}
T(U) = {P\U is P-projective modules}

Lemma 1 : T(P) is closed under direct sums and
direct summand [1]. T*(U) is closed under sub-

modules, homomorphic images and finite direct

sums [1].

Proposition 3:
Any diagram of R-modules and R-homomorphism
of the form

U' P
a p

0 >|5' >P > F’" >0
f g

In which the row is exact and U’, U’” are P-
projective can be extended to the following
commutative diagram

thereexists [ m
fn-l:Un.l —)Pn-l St hn-]_. fn-]_:fn_z.gn_]_ 0 I Ur > U \ U” > 0
Consider the diagram
a Y B
gn gn-1
Un Un—1 Un 2 . W . W W
| | | 0 > P' >P >P" >0
‘ f n | f n-1 | f n-2 f g
w‘/ h \L h \L In which above row is exact and U is P-projective
o " o i o module.
n n-1 n-2
Proof:-
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Since U’, U’ are P-projective therefore U’ (J'B
U’ is P-projective as T (P) is closed under direct
sum.

The sequence

| 1
U roy——U'-

Where i(u)=(u’,0) and ,7(u'@u") = u"is then
split exact.

Since u” is P-projective, there exists f~
stg.p” =4

Now we can extended the above diagram to the
following

| m
0 U — veu S 0
a Y |, B B
0 . p P N
f g

Consider the mapping where y: U'@U’’—P

givenbyy = f.a.j + f~.m where j:

U’@U’—U’ is a left hand splitting

homomorphism.

Certainely y will be R-homomorphism it makes

the diagram commutative

i faj+p.m).i

= (fa.j.i+ (B .mi) sincej.i=1,

= (fFa+0)

=f.a

And

g (faj+p .m).
=g.f,+0.
=0+p.m.
= pb.m

98~ = B.

Write U in place of U’@U’” in the above diagram,

we get the required result.

g.f=0 and

Proposition4 :-Let R be a commutative ring with
unit element and let u,P be R-modules with U is
P-projective .If A,B are sub module of U,P
respectively then V, p= {f € Homy(U,P)/

f (A c B)} is submodule of the R-module
Homg(U,P) and Homg(U/A,P/P= V45 /Yy p)

Proof : It is clear that
Va5= {f € Homg(U,P)/f(A c B)} is
submodule of the R-module is Homg(U,P as
1. V4 p=¢ since it contain to zero
homomorphism,
2. f,g€Vp=>(f+g)A)cB=>f+g€
Va,B
3. Forany f € V,p ,wf € V,p forall
wER

Then since f(A) B there is a unique R-
homomorphism
s.t. the diagram

U P
Y S
U/A f P/B

Is commutative . We can therefore define a map
(p(f) = VA,B_) HomR(U/A,P/B)

It is readily verified that is an R-homomorphism.
To see that is surjective ,

And consider the diagram

u - < =P
b, b
t
UI/A P/B
O o

Since U is P-Projective , there exists as R-
homomorphism g:U—P s.t. @,.g =t. ¢
From this we get g(A)< B and ¢ (g)=1 Now to
find Kernel of ¢
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feker p & @(f) =0

< f,=0

Clearly f € V, .

Thus by the first biomorphism theorem

Homg(U/A, M/B)= Img = “4E — v, 1 IV p.

kerg

Corollary 2: Let R be a commutative ring with
unity 1, U is quasi-projective module. If A,B are
submodules of P, then

V4 .={h€ Endy(P)/h(A) c B} is a sub module of

Endg(P) and Homg(P/A,P/B) = A2

Vp.B

Corrollary 3:- If a a stable submodule of U then
Endi (AIA,P/IA)

Proposition 5:- For R-modules, Let

U(P,N) cHomg(P,N) s.t. any fe U(P,N) , factors
through U, in the sense that there is a
commutative diagram

P N

k h

U

In which U is P-projective then U(P,N) is a
subgroup of the group Homg(P,N).

Proof:- If U; and U, are P-Projective then U’
@U’’ also P-projective.

We first show U(P,N)# ¢ as 0€ U(P,N).Now
given f,g< U(P,N). We have to show that f-ge
U(P,N).

Let f factor through the P-projective module U;
and g factor through the P-projective module U,.

Consider the diagram(A).Here t; and t; are the
projection mapping of U;®U; in to Uy, U,
respectively

u. o UL
U P U.
R
h, h_
N

If following from the definition of co-product
that there is a uniqgue R-homomorphism

VP> M U@ U, s.t. tl.V:kl and b.v= kg
Then hl.tl.V:hl.klzf and hz.tz.V:hz.k2=g

We see that f-g = (hit;-hsty).v

i.e. f-g factors through the P-projective module
U; U, . Thus we have that f-g Homg(P,N).

Theorem 1:- Following condition for a finitely
generated module P are equivalent:

U is almost P-Projective

» U is Rm —almost projective for all m belongs to
P.

» U is Rmi — almost projective i-

12,98 _._.._...N

where mg,my,ms,......... my are generators of P.

Proof:- (i) (ii) As is closed under sub modules
Rm is an R-sub module of P, for all m belongs to
P.

Therefore U is Rm — almost projective.
(ii) (iii) obivious (iii) (i)

Since is closed under finite direct sum this
implies that U is and is closed under
homomorphic image, we have U is almost P-
projective.

Corrollary 4: If U is finitely generated R-module,
then U is almost P-projective iff U is Rm — almost
projective for all m belongs to P.

Proof: Let U is almost P-projective U is Rm —
projective for all m belongs to P by the above
theorem.
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Conversely: Let U is Rm —projective for all m in
P. since U is finitely generates will be closed
under arbitrary direct sum.

U is Rm — almost projective

Now the corollary follows from theorem1.
Corrollary 5: If U be any finitely generated
quasi-projective modules with generators
then following conditions are equivalent U is
quasi-projective.

. U is Ry — projective for all uU.
Proof:- Proof is obvious.
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